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We present a single-input single-output multimode delayed-
feedback control methodology to mitigate the free vibrations of a
flexible cantilever beam. For the purpose of controller design and
stability analysis, we consider a reduced-order model consisting
of the first n vibration modes. The temporal variation of these
modes is represented by a set of nonlinearly-coupled ordinary-
differential equations that capture the evolving dynamics of the
beam. Considering a linearized version of these equations, we
derive a set of analytical conditions that are solved numerically
to assess the stability of the closed-loop system. To verify these
conditions, we characterize the stability boundaries using the first
two vibration modes and compare them to damping contours ob-
tained by long-time integration of the full nonlinear equations of
motion. Simulations show excellent agreement between both ap-
proaches. We analyze the effect of the size and location of the
piezoelectric patch and the location of the sensor on the stability
of the response. We show that the stability boundaries are highly
dependent on these parameters. Finally, we implement the con-
troller on a cantilever beam for different controller gain-delay
combinations and assess the performance using time histories of
the beam response. Numerical simulations clearly demonstrate
the controller ability to mitigate vibrations emanating from mul-
tiple modes simultaneously.∗Address all correspondence to this author
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When flexible systems are subjected to external distur-
bances, large-amplitude oscillations can be excited. These oscil-
lations can be detrimental to the system performance and may re-
sult in hazardous conditions normally associated with decreased
fatigue life and structural failure. As a result, tremendous amount
of research and funding have been channeled towards active-
vibration control of flexible structures. Specifically, research ef-
forts were aimed at providing simple but effective control algo-
rithms that can enhance safety, performance, and durability of
these systems. During the last decade, new discoveries in ma-
terial science combined with major findings in control theory
have significantly advanced control-related applications. Along
this line, new materials were implemented for real-time sens-
ing and actuation, and control algorithms were refined for max-
imum performance, effectiveness, and robustness. Viscoelastic
and shunted-piezoelectric materials were introduced as passive
vibration absorbers [1-6] and smart materials were extensively
studied for active reduction of undesirable oscillations. As a re-
sult, new real-time linear, optimal, and nonlinear feedback tech-
niques were successfully implemented for active control of flex-
ible structures [1-4, 7-21].
Control methodologies that utilize ceramic piezoelectric
sensors/actuators have occupied the vast majority of the litera-
ture. Using these materials, a vast number of analytical, semi-
analytical, and numerical control techniques have been proposed,
developed, and implemented. In one demonstration, a feedback
optimal control technique was designed by Abreu et al. [7] to
1 Copyright c© 2007 by ASMEse: http://www.asme.org/about-asme/terms-of-use
Downmitigate the vibrations of flexible cantilever beams. The algo-
rithm was experimentally implemented using a digital regula-
tor but was only capable of mitigating first-mode beam vibra-
tions. In another demonstration, Dadfarnia et al. [8] developed
a reduced-order observer-based control technique to mitigate
large-amplitude oscillations of a flexible cantilever beam sub-
jected to primary-base excitations. Simulations and experiments
illustrated the effectiveness of the proposed control methodol-
ogy. Using piezoelectric actuators, Shen et al. [10] presented an
active control test bed that can be used for local vibration con-
trol of plates. They showed that a localized-hybrid fuzzy-PD
controller can be easily implemented to eliminate local plate vi-
brations. As a continuation to this work, they also designed and
implemented a multivariable feedback controller that utilizes dis-
tributed piezoelectric sensors and actuators to reduce local plate
vibrations [11].
Because an effective controller should minimize the control
input needed to realize a desired performance criterion, recent
research efforts were directed towards optimizing the size and lo-
cation of the actuators and sensors used to control flexible struc-
tures. Towards this end, genetic algorithms [12] and discrete-
continuous optimization techniques [13] were extensively stud-
ied and utilized. Recently, the concept of delayed-feedback con-
trol was also introduced as an effective means of controlling a
wide variety of mechanical systems. The effectiveness of de-
layed feedback originates from its ability to incorporate time de-
lays emanating from processing time, filters, and the response
time of smart materials into its parametric delay. Olgac and
Holm-Hansen [16] were among the first to introduce the con-
cept of delayed resonators to control mechanical systems. This
concept was extended through a series of research efforts aimed
at implementing time-delayed velocity feedback control on tor-
sional mechanisms [17, 18] and time-delayed acceleration feed-
back on continuous systems [19, 20]. Of special importance, is
the work of Jalili and Olgac [21] who used time-delayed feed-
back resonators to control discrete multi-degree-of-freedom sys-
tems. Due to the complexity of the analysis when multi-input
excitations are used, a single harmonic excitation was considered
with multiple resonators. Delayed-acceleration feedback was
also successfully implemented to reduce pendulations of sus-
pended cargo on ship-mounted cranes, container cranes, struc-
tural boom cranes, and telescopic cranes [22, 23].
In a previous study, Alhazza et al. [24,25] studied the imple-
mentation of a delayed-acceleration feedback algorithm to flex-
ible cantilever beams using a single piezoelectric actuator. To
characterize the stability of the controller, a single-mode analysis
was considered. It was observed that, while the gain-delay com-
bination predicted by the single-mode stability analysis is capa-
ble of suppressing oscillations originating from the first mode, it
excited other vibration modes. For this reason, it is rather a chal-
lenging task to utilize delayed feedback to implement a single-
input single-output (SISO) controller capable of effectively miti-2
loaded From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Usegating vibrations emanating from more than one vibration mode
simultaneously. In the present work, we develop a simple mul-
timode delayed-acceleration feedback controller to mitigate the
vibrations of a flexible cantilever beam using a single sensor and
a single piezoelectric actuator. We develop a general procedure
to identify the controller stability regions for the continuous sys-
tem under consideration. The optimal values for the gain and de-
lay of the controller input are obtained using a two-mode linear
stability analysis, then they are numerically compared to those
obtained using the full nonlinear model. Numerical simulations
are performed for two cases to demonstrate the effectiveness and
excellent performance of the controller.
2 MATHEMATICAL MODEL
We base our mathematical model on the nonlinear differ-
ential equation of motion for an isotropic inextensible Euler-
Bernoulli beam. When only planar motions are considered, the
equation of motion and the associated boundary conditions of
a uniform cantilever beam under transverse excitations can be
written as [26-29]:


















v = 0 and v′ = 0 at s = 0,
v′′ = 0 and v′′′ = 0 at s = l,
(2)
where v denotes the displacement component along the y-axis;
The primes and overdots indicate the derivatives with respect to
the arclength s, and time t, respectively; ρ is the beam density;
A is the cross sectional area; c is the coefficient of linear viscous
damping per unit length; E is Young’s modulus of elasticity; and
I is the moment of inertia about the neutral axis of the beam.
2.1 Piezoelectric Actuator
Piezoelectric actuators are commonly used for vibration
control of flexible structures. The distributed load q(s, t) of the





where M is a uniformly distributed bending moment that can be
written as
M = bd31Ea(ta + tb)Va(t)[H(s− s1)−H(s− s2)] (4)Copyright c© 2007 by ASME
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Figure 1. Schematic drawings of a beam with piezoelectric actuators.
where b and ta are the width and thickness of the piezoelectric
actuator, respectively; d31 is a piezoelectric constant; Ea is the
actuator Young’s modulus; tb is the thickness of the beam; Va(t)
is the control voltage; H(s) is the Heaviside step function; s1 is
the starting coordinate; and s2 is the ending coordinate of the
piezoelectric strip.
2.2 Reduced-Order Model
To generate a reduced-order model of the system, we express







where the un(t) are the generalized temporal coordinates and the
φn(s) are the orthonormal mode shapes of the free vibration of a
cantilever beam and are given by
φn(s) = Cn {cosh(rns)− cos(rns)−Σn[sinh(rns)− sin(rns)]}
(6)
The rn is related to the nth natural frequencies and is obtained by
utilizing the following characteristic equation:
1+ cosh(rnl)cos(rnl) = 0, (7)




, (8)Downloaded From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms oand Cn is determined by normalizing the mode shapes using
∫ l
0
φ2n(s)ds = 1 (9)




φrφ jds = δr j (10)
where δr j is the Kronecker delta. Substituting Equations (5) and
(10) into Equation (1), multiplying by φn, integrating over the
length of the beam, and using the orthonormal properties of the
linear mode shapes, Equation (10), yields the following set of
nonlinear ordinary-differential equations:





























































As discussed earlier, delayed feedback is known to intro-
duce a significant amount of damping in various mechanical sys-
tems [22-25]. In the present work, vertical acceleration at a
point located on the beam at a distance s3 is measured, then de-
layed in time and fedback to the piezoelectric actuator, Figure
1. The driving voltage of the actuator, using a linear delayed-





aiüi(t− τ) (12)3 Copyright c© 2007 by ASME
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Downloawhere ai is the acceleration amplitude of the ith mode, k is the
controller gain, and τ is the time delay. Substituting the actuator
voltage, Va(t), into Equation (11) yields












aiüi(t− τ), n = 1,2,3, ...,N
(13)
Equations (13) are used to describe the temporal variations of
the first N vibration modes and are utilized in the next section to
assess the stability of the cantilever response.
3 LINEAR STABILITY ANALYSIS
In this section, we undertake a linear multimode stability
analysis of the cantilever response, this analysis is aimed at char-
acterizing the stability pockets wherein the gain-delay combina-
tions of the controller yield a stable cantilever response for the
first N vibration modes considered. To this end, we linearize
Equations (13) and obtain




aiüi(t− τ), n = 1,2,3, ...,N
(14)
For simplicity, we let
Jni = Mnai (15)
and rewrite Equation (14) in the following matrix form:
ü+Cu̇+Ωu = kJü(t− τ) (16)
where u is a 1×N state vector, C = diag[µ1,µ2, . . . ,µN ], Ω =
diag[ω1,ω2, . . . ,ωN ], and J is a N×N feedback coupling matrix.
Equations (16) are subject to the 2N initial conditions given
by
un(0) = un0 u̇n(0) = u̇n0 (17)
These initial conditions provide the constants of integration nec-
essary to solve the second-order ordinary-differential equations
4
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seek a solution of the form
u = zq(t) (18)
where z is a complex 1×N vector and q(t) is a complex scalar
function of time. Because, the damping is not classical, we as-
sume that the free-vibration response decays with time; that is,
q(t) = qr(t)+ iqi(t) = e(σ+iω̄)t (19)
where σ is the damping parameter, and ω̄ is the frequency of the
controlled response. Substituting Equations (18) and (19) into
Equation (16) yields
Az = 0 (20)
where A is a N×N complex-valued dynamics matrix defined by


A11 A12 ... A1N
A21 A22 ... A2N
: : ... :





A j j = (σ+ iω̄)2 +µ j(σ+ iω̄)+ω2j + kJ j j(σ+ iω̄)
2e−(σ+iω̄)τ
(22)
A jk = kJ jk(σ+ iω̄)2e−(σ+iω̄)τ (23)
For nontrivial solution of Equation (20), we set
|A|= 0 (24)
Separating Equation (24) into real and imaginary parts yields 2
transcendental equations that can be solved for the damping pa-
rameters σ and the controlled frequencies ω̄. Associated with a
given gain-delay combination, each of these equations have in-
finite number of solutions. The stability of the delayed-system
is determined by the signs of the damping parameters, σ. The
Copyright c© 2007 by ASMEe: http://www.asme.org/about-asme/terms-of-use
D
system is asymptotically stable if all modal damping parameters
σ are negative and is unstable if at least one modal damping pa-
rameter is greater than zero. The system is marginally stable if
some modal damping parameters equal to zero and the rest are
negative.
Next, we calculate stability boundaries, (i.e. σi = 0), of
the closed-loop system considering only the first two vibration













Arnn =−λ2 +ψ2n− kJnnλ2 cos(2λδπ)),
Arnm =−kJnmλ2 cos(2λδπ),
Ainn = νnλ+ kJnnλ2 sin(2λδπ),
Ainm = kJnmλ2 sin(2λδπ).
(26)
Here λ = ω/ω1, νn = µn/ω1, δ = τ/T , ψn = ωn/ω1, and T =
2π/ω1. For known Ji j, and given k, Equation (24) can be used to
find the delay frequency, λ, and the associated critical feedback
delay, δ, as illustrated in Fig. 2.
To assess the accuracy of the two-mode approximation in
predicting the stability boundaries, we compare its results to a
stability chart generated using direct long-time integration of the
controlled nonlinear equations of motion, Equations (13), utiliz-
ing the first three vibration modes. The root-mean-squares of os-
cillation Uc and Uu of the controlled and uncontrolled responses
are used to determine the amount of damping introduced by the
controller to that resulting only from the internal damping in the
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Figure 2. A gain-delay stability diagram of Equation (13) utilizing the first
two vibration modes. The results are obtained for J11 = J22 = 1 and
J21 = J12 = 0. Degrees of shading represent damping contours in the
stable regions.
We choose J11 = J22 = 1 and J21 = J12 = 0 to represent a
general uncoupled system. We then compare the stability bound-
aries obtained using Equation (26) to the damping chart obtained
using the aforementioned three-mode long-time integration ap-
proach. We generate the damping contours illustrated in Fig. 2
using a mesh of 500×500. The darker the shades of the contours
are, the higher the associated values of the damping are. It is
evident that the boundaries of stability shown in Fig. 2 agree
with the contours obtained numerically. Furthermore, the re-
sults obtained for this uncoupled system are in agreement with
the single-mode boundaries obtained in [22, 23, 25]. In Fig. 3,
we also validate the stability method for a coupled system using
J11 = J12 = 1 and J21 = J22 = 0.5. Again, perfect agreement is
observed.
4 NUMERICAL SIMULATIONS
In this section, we implement the control algorithm on a
cantilever beam of length l = 0.35 m, modulus of elasticity
E = 70 GPa, density ρ = 2700 kg/m3, width b = 20 mm and
thickness tb = 0.7 mm. The beam is actuated using a piezoelectric
patch made of PZT PKI 552. The patch has an electromechan-
ical coupling coefficient d31 = −270× 10−12 m/V , modulus of
Elasticity Ea = 60 GPa, and thickness ta = 0.5 mm. For feedback
measurements, we utilize the acceleration of a point located at s3,
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Figure 3. A gain-delay stability diagram of Equation (13) utilizing the first
two vibration modes. The results are obtained for J11 = J22 = 1 and
J21 = J12 = 0.5. Degrees of shading represent damping contours in the
stable regions.
This acceleration is delayed then fedback through the piezoelec-
tric actuator to control the motion of the beam. Hence, the linear
equation of motion with feedback control is




φi(s3)üi(t− τ), n = 1,2,3, ...,N
(30)
This yields
Jni = Mnφi(s3) (31)
By examining Equations (30) and (31), we note two impor-
tant points. First, the implementation of the control algorithm
does not require separate knowledge of each mode acceleration.
Therefore, it is only necessary to measure the total acceleration
of a given point on the beam using a single accelerometer. Sec-
ond, the controller parameters k and τ depend on the location of
the sensor as well as the location and size of the actuator. To
elaborate on the significance of this notion, we display variation
of the actuator parameters M1, M2, and M3 with the starting po-
sition of the actuator, s1, in Figs. 4 and 5. These figures are ob-
tained for two actuators of 6 cm and 12 cm length, respectively.
It is evident that, for higher vibration modes, Mn and hence Jni
vary significantly with both the size and position of the actua-
tor. For the first mode, however, Mn does not vary appreciably
with either the size or position of the actuator. As such, it can be
concluded that the stability boundaries of the closed-loop system
vary significantly with the position and the size of the actuator.6

























Figure 4. Variation of Mn with the location of the starting position of
the piezoelectric actuator. Results are obtained for an actuator length of
6 cm.
Next, we illustrate the effect of the sensor location on the
stability boundaries by showing variation of Jni with the sensor
location, s3, when s1 = 4 cm and s2 = 10 cm. The numerical
simulations indicate a significant dependence on s3. It can also
be noted that, at s3 ≈ 27.42 cm which corresponds to placing the
sensor on the node of the second mode, the values of J21 and
J22 approach zero, see also Fig. 6 for the mode shapes of the
beam. This choice eliminates the possibility of controlling the
second mode. Consequently, affecting the controller effort, per-
formance, and the stability of the closed-loop system. As a result,
an exhaustive study dealing with the optimization of the sensor
location as well as size and location of the actuator are necessary
for maximizing the controller performance. Such analysis, how-
ever, is beyond the scope of this work and will be addressed in
the future.
Having defined an algorithm for obtaining the stability
boundaries of the multimode controller and discussed the effect
of the sensor location as well as the actuator size and location
on the system stability, we illustrate the effectiveness of the pro-
posed control algorithm in mitigating multi-mode free vibrations
of a cantilever beam. Towards that end, we consider the follow-
ing two cases:
Case 1:
In this case, the values of s1, s2, and s3 are chosen as 4 cm,
10 cm, and 22 cm, respectively. Using these values and Equa-
tion (24), we display the stability boundaries shown in Fig. 8.
The contours are then generated using a three-mode long-time in-
tegration of the nonlinear equations of motion. Multiple stability
pockets with localized maximum damping regions are observed.Copyright c© 2007 by ASME
e: http://www.asme.org/about-asme/terms-of-use























Figure 5. Variation of Mn with the location of the starting position of
the piezoelectric actuator. Results are obtained for an actuator length of
12 cm.




















Figure 6. Linear mode shapes of a cantilever beams.
As the time delay increases, the size of the stability pockets de-
crease causing the robustness and performance of the controller
to diminish. First, we implement the controller by choosing a
gain-delay combination in the second stability pocket. Specifi-
cally, we choose K = 0.2 and δ = 0.2. We analyze the response
as illustrated in Fig. 9. The controller effectively eliminates the
second-mode vibrations in less than a single period. However,
it takes almost five periods to eliminate the first-mode vibra-
tions. This is due to the fact that, for this gain-delay combination,
the modal damping term associated with the second mode σ2 is
much larger than that associated with the first mode σ1.
For the same piezoelectric actuator, we consider another
gain-delay combination consisting of a time delay, δ = .75 and
a controller gain k = −0.1. Fig. 10 illustrates effective damp-7




























Figure 7. Variation of J11,J12,J21, and J22 with the sensor location s3.



















Figure 8. A contour plot of the damping as a function of k and τ when
s1 = 4 cm, s2 = 10 cm, and s3 = 22 m.
ing of both modes. However, when compared to the first set,
longer time is needed to completely eliminate the beam vibra-
tions, clearly demonstrating a reduction in the controller perfor-
mance for larger delays. This fact is also observed in Figs. 9 and
10 which demonstrate the control effort in both cases.
Case 2:
In the second case, we choose s1, s2, and s3 as 5.5 cm,
11.5 cm, and 22 cm, respectively. In a similar manner, we gen-
erate the damping contour plot shown in Fig. 11. Noting that,
the values of M1 and M2 are both negative in the first case, Fig.
4, while M1 is negative and M2 is positive in the second case,
and comparing Fig. 8 to Fig. 11, we clearly see that this changeCopyright c© 2007 by ASME
se: http://www.asme.org/about-asme/terms-of-use















































Figure 9. Time histories of the first and second mode responses and
the corresponding controller voltage when s1 = 4 cm, s2 = 10 cm, s3 =
22 cm, k = 0.2, and δ = 0.2.


















































Figure 10. Time histories of the first and second mode responses and
the corresponding controller voltage when s1 = 4 cm, s2 = 10 cm, s3 =
22 cm, k =−0.1, and δ = 0.75.
in sign culminates in completely different stability pockets. In-
deed, when comparing Figs. 8 to 11, it can be clearly seen that
the change in sign causes the stable regions to shift towards the
right as shown in Fig. 11. Similar to the first case, it is evi-
dent that the robustness of the delay controller decreases as the
time delay is increased. It is also worth noting that, regardless
of the complexity of the stability boundaries, the semi-analytical
method derived in this paper can very closely predict the stability8












Figure 11. A contour plot of the damping as a function of k and τ when
s1 = 5.5 cm, s2 = 11.5 cm, and s3 = 22 cm.
regions of the closed-loop system.
We study the performance of the controller by choosing two
new sets of controller gains and delays. The first of which con-
sists of a time delay, δ = 0.13 and a controller gain, k = 0.35.
The time responses shown in Fig. 12 display a successful damp-
ing of the first and second modes. However, the first mode suffers
an overshoot due to the sudden activation of the control signal.
The second mode is effectively damped in less than two periods,
while longer time is necessary to completely eliminate the first
mode vibrations.
To account for large inherent system delays, it is sometimes
necessary to utilize larger controller delays. Although, for the
beam under consideration, it is very unrealistic to have inher-
ent delays that are larger than half the period of oscillation, it
is in fact very realistic for beams with very high oscillation fre-
quency (e.g. atomic force microscopes, nanocantilever sensors,
etc.). Therefore, it is sometimes necessary to choose a controller
delay that is outside the first stability pocket. To demonstrate
that case, we choose a controller time delay, δ = 0.84 and a gain
k = −0.07, see Fig. 11. It is evident in Fig. 13 that both modes
are damped. However, when compared to the first set, a longer
time is needed to effectively eliminate the oscillations of both
modes, which clearly illustrates a significant drop in the con-
troller performance. This is due to the fact that the values of the
effective damping parameters σi are much lower for larger time
delays.
5 CONCLUSION
We developed a SISO delayed-acceleration feedback con-
troller to mitigate the free multimode vibrations of a flexible can-
tilever beam. We assessed the linear stability of the closed-loopCopyright c© 2007 by ASME
: http://www.asme.org/about-asme/terms-of-use















































Figure 12. Time histories of the first and second mode responses and
the corresponding controller effort when s1 = 5.5 cm, s2 = 11.5 cm,
s3 = 22 cm, k = 0.35, and δ = 0.13.













































Figure 13. Time histories of the first and second mode responses and
the corresponding controller effort when s1 = 5.5 cm, s2 = 11.5 cm,
s3 = 22 cm, k =−0.07, and δ = 0.84.
system using a semi-analytical procedure wherein we analyti-
cally obtained a set of nonlinear algebraic equations that can be
solved numerically to determine the stability boundaries of the
closed-loop system. We compared these boundaries to contour
plots obtained using long-time integration of the nonlinear model
and illustrated negligible differences between both approaches.
We also analyzed the effect of the actuator size and location as
well as the sensor location on the stability boundaries and found
that the stability of the closed-loop system is highly dependent on
these parameters. This opens a new area of research into their op-
timization for maximum controller performance and robustness.
Considering only the first two modes of oscillation, we tested the
effectiveness of the controller in mitigating the free vibrations of
a cantilever beam and found that this technique is capable of mit-
igating the oscillations of both modes simultaneously. The pro-
posed methodology can be extended to other flexible structures,
such as plates, shells, and cables.9
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